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SOLUTIONS TO ECE 2025 FALL 2009 PROBLEM SET #5

PROBLEM 5.1*:

Approach:

(a) The equation describes one period; replicating this segment gives the periodic signal
(b) The given signal is a scaled and stretched version of a signal whose Fourier series coefficients are already 

known; we will use the scaling property to find the Fourier series of the given signal.
(c) Integrate the signal using the formula for the area of a triangle
(d) The spectrum of a periodic signal has lines at integer multiples of the fundamental frequency, with weights 

given by the Fourier series coefficients.
(e) Use Euler to combine the positive- & negative-frequency exponentials into a single cosine

The above triangle wave x(t) has the same shape as that of Fig. 3-18 on page 55 of the book, let’s 
call it s(t), but with a different period and amplitude. This means we can write

x(t) = cs(dt) 

for some constants c and d, namely c = 10 and d = 0.1. 
From this we can see that the Fourier series coefficients for x(t) are simply related to those of 
s(t), for if s(t) = ∑kake

jkπt/T0, then 

x(t) = cs(dt)

= c∑kake
jkπ(dt)/T0

= ∑k aḱ e
jkπt/T0́

has Fourier series coefficients aḱ = cak and period T0́ = T0/d. We conclude that stretching the 
signal horizontally (along the time axis) has no impact on the Fourier series coefficients; it merely 
changes the fundamental period. And scaling the amplitude of a periodic signal scales the Fourier 
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series coefficients by the same amount. Scaling the Fourier series coefficients from (3.39) by c = 
10 yields:

aḱ = .

a0 = x(t)dt = (area under triangle) = (0.5)(base)(height) = (0.5)(4)(10) = 5.

x(t) =
∑k=–aḱ e

jkπt/T0́

=
 

a–´ e
–jπt/T0́  + a–́ e

–jπt/T0́ + a0́  + á e
jπt/T0́ + á e

jπt/T0́

= a0́  + á(e
jπt/T0́  + e–jπt/T0́ ) + á(ejπt/T0́  + e–jπt/T0́ )

= a0́  + 2á cos(πt/T0́ )+ 2á cos(πt/T0́ )

= 5 – cos(0.5πt) – cos(1.5πt),
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PROBLEM 5.2*:

Approach:

(a) The period can be found by inspection: the given signal is expanded in terms of its Fourier series
(b) Adding a sinusoid whose frequency is an integer multiple of the fundamental frequency will only change two 

of the Fourier series coefficients; the others will remain the same.

The given equation has the form ∑kakejkπt/T0 where a0 = –2, ak = k for nonzero k, 
and T0 = 1/75. 

The fundamental period is therefore T0 = 1/75.

Applying inverse Euler, the added term 3sin(300πt) can be written as:

3sin(300πt) = ej300πt – e–j300πt

= ej(2)150πt – ej(–2)150πt.

Adding this to ∑kakejkπt will only impact the k = ±2 terms, the other terms in the sum will be 
unaffected. Therefore, we have

b– = a– – 3/(2j)

b = a + 3/(2j)

and otherwise bk = ak for all k ≠ ±2.
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Writing b– and b in polar form yields:

b– = a– – 3/(2j) = (–2) – 3/(2j) 

= 4 + 1.5j 

= 4.272ej0.114π ,

b = a + 3/(2j) = (2) + 3/(2j) 

= 4 – 1.5j 

= 4.272e–j0.114π .

Filling in the table yields:
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PROBLEM 5.3*:

Approach:

(a) The number of samples per period is the ratio of sampling frequency to fundamental frequency.
(b) Adding any integer multiple of the sampling frequency to the sinusoid frequency will not change its samples.
(c) As in (a): the no. samples per period is the ratio of sampling frequency to fundamental frequency.

Roughly speaking, there will be 22.72 samples on average per period, since the ratio of the 
sampling frequency to the sinusoid frequency is

fS/f0 = 10000/440 = 22.7272…

However, this is not the question that was asked; a precise answer to the question is that there will 
be either 22 or 23 samples in one period of the cosine wave, depending on both the value of the 
phase φ and on which “period of the cosine wave” is being considered. For example, there will be 
23 samples in the period that begins and ends at a peak when φ = 0, but there will be only 22 
samples in that same period when φ = –π/100.

Start with x(nTs) = 10cos(880πnTs + φ) and then apply the hint by adding 2πnl:

x(nTs) = 10cos(880πnTs + φ)

= 10cos(880πnTs + 2πnl + φ)

= 10cos((880π + l2πfs)nTs  + φ)

This last equation is a sampled version of 10cos(ω0t + φ), where

ω0 = 880π + l2πfs.

Any integer l ≥ 1 is acceptable. Intuitively this equation states that the sampled signal does not 
change whenever the sinusiod frequency is increased or decreased by an integer multiple of the 
sampling frequency. For example, choosing l = 1 yields 

ω0 = 880π + 20000π = 20880π.

There will be fs/f0 = 10000/10440 = 0.958 samples on average per period. In any given period, 
the number of samples will be either zero or one, depending on the phase and period boundaries.
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PROBLEM 5.4*:

Approach:

Same as Prob. 5.3: Adding any integer multiple of the sampling frequency to the sinusoid frequency will not 
change its sampled values.

On the one hand, we can add l2πn to the argument of the cosine without changing anything, so 
that:

x[n ] = 2.2cos((0.3π + l2π)n – π/3)

for any integer l.

On the other hand, sampling x(t) = Acos(2πf0t + φ) at a sample rate of fs = 6000Hz yields

x[n ] = Acos((2πf0/6000)n + φ).

Equating like terms, we conclude that A = 2.2 and φ = –π/3, and further that:

0.3π + l2π = 2πf0/6000 ⇒  f0 = 900 + l6000 Hz.

Choosing l ∈ {–1, 0, 1} yields three possible continuous-time signals:

l = –1 ⇒ f0 = –5100 ⇒ x(t) = 2.2cos(10200πt + π/3)

l = 0 ⇒ f0 = 900 ⇒ x(t) = 2.2cos(1800πt – π/3)

l = 1 ⇒ f0 = 6900 ⇒ x(t) = 2.2cos(13800πt – π/3),

all of which have a frequency of less than 8 kHz.
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PROBLEM 5.5*:

Approach:

First translate the “appears stationary” condition to a condition on the rotational frequency of the wheel; 
second translate this frequency to the car speed using the fact that the wheel rotates once each time the car 
traverses a distance equal to the wheel diameter; third solve for the car speed.

An obvious reason that the wheel might appear stationary is because it is stationary, i.e., the car is 
not moving! So a speed of 0 km/h is going to be one valid answer. But another way the wheel 
might appear stationary is if the spoke pattern appears the same each time the video camera 
samples (i.e. takes a picture); this will happen when the sampling time is precisely an integer 
multiple of the time it takes the wheel to rotate by an angle of 2π/N, where N is the number of 
spokes. In other words, if Ts = 1/fs is the sampling period and TR is the time for one complete 
rotation, then the wheel will appear stationary whenever:

Ts = lTR/N

for some integer l. But the rotation period is related to the wheel diameter d and speed v by

TR = .

Therefore, the wheel will appear stationary whenever:

Ts = l

or equivalently v = l .

for any integer l. This is the general equation.

Substituting d = 0.5 m, fs = 25 Hz, N = 7 spokes, and converting to km/h yields:

v = lπ(0.5 m)(25 Hz)/(7)

= l m/s =  (l m/s)

=  l  km/hr

=  20.196l km/hr

for any integer l.
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