
GEORGIA INSTITUTE OF TECHNOLOGY
SCHOOL of ELECTRICAL and COMPUTER ENGINEERING

ECE 2025 Spring 2004
Lab #7: Frequency Response: Nulling Filters

Date: 25-Feb – 2-Mar 2004

You should read the Pre-Lab section of the lab and do all the exercises in the Pre-Lab section before
your assigned lab time.You MUST complete the online Pre-Post-Lab exercise on Web-CT at the begin-
ning of your scheduled lab session. You can use MATLAB and also consult your lab report or any notes you
might have, but you cannot discuss the exercises with any other students. You will have approximately 20
minutes at the beginning of your lab session to complete the online Pre-Post-Lab exercise. The Pre-Post-
Lab exercise for this lab includes some questions about concepts from the previous Lab report as well as
questions on the Pre-Lab section of this lab.

The Warm-up section of each lab must be completedduring your assigned Lab timeand the steps marked
Instructor Verificationmust also be signed offduring the lab time. After completing the warm-up section,
turn in the verification sheet to your TA.

It is only necessary to turn in Section 4 as this week’s lab report.

Forgeries and plagiarism are a violation of the honor code and will be referred to the Dean of Students
for disciplinary action. You are allowed to discuss lab exercises with other students and you are allowed
to consult old lab reports but the submitted work should be original and it should be your own work.

The lab report for this week will be anInformal Lab Report.

The report willdue the next time your lab meets (after Spring Break).

1 Introduction

The goal of this lab is to study the response of FIR filters to inputs such as complex exponentials and
sinusoids. In the experiments of this lab, you will usefirfilt() , or conv() , to implement filters and
freqz() to obtain the filter’s frequency response.1 As a result, you should learn how to characterize a
filter by knowing how it reacts to different frequency components in the input.

2 Pre-Lab

This lab also introduces a practical filter, the nulling filter. Nulling filters can be used to remove sinusoidal
interference, e.g., jamming signals in a radar or communication system.

2.1 Frequency Response of FIR Filters

The output orresponseof a filter for a complex sinusoid input,ej ω̂n, depends on the frequency,ω̂. Often a
filter is described solely by how it affects different input frequencies—this is called thefrequency response.

For example, the frequency response of the two-point averaging filter

y[n] =
1
2x[n] +

1
2x[n − 1]

1If you are working at home and do not have the functionfreqz.m, there is a substitute available calledfreekz.m . You can
find it in theSP-First Toolbox,or get it from the ECE-2025 WebCT page.
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can be found by using a general complex exponential as an input and observing the output or response.

x[n] = Aej (ω̂n + φ) (1)

y[n] =
1
2 Aej (ω̂n + φ)

+
1
2 Aej (ω̂(n − 1) + φ) (2)

= Aej (ω̂n + φ) 1
2

{
1 + e− j ω̂

}
(3)

In (3) there are two terms, the original input, and a term that is a function ofω̂. This second term is the
frequency response and it is commonly denoted2 by H(ej ω̂).

H(ej ω̂) = H(ω̂) =
1
2

{
1 + e− j ω̂

}
(4)

Once the frequency response,H(ej ω̂), has been determined, the effect of the filter on any complex expo-
nential may be determined by evaluatingH(ej ω̂) at the corresponding frequency. The output signal,y[n],
will be a complex exponential whose complex amplitude has a constant magnitude and phase. The phase of
H(ej ω̂) describes the phase change of the complex sinusoid and the magnitude ofH(ej ω̂) describes the gain
applied to the complex sinusoid.

The frequency response of a general FIR linear time-invariant system with filter coefficients{bk} is

H(ej ω̂) = H(ω̂) =

M∑
k=0

bke− j ω̂k (5)

2.1.1 MATLAB Function for Frequency Response

MATLAB has a built-in function for computing the frequency response of a discrete-time LTI system. The
following MATLAB statements show how to usefreqz to compute and plot both the magnitude (absolute
value) and the phase of the frequency response of a two-point averaging system as a function ofω̂ in the
range−π ≤ ω̂ ≤ π :

bb = [0.5, 0.5]; %-- Filter Coefficients
ww = -pi:(pi/100):pi; %-- omega hat
H = freqz(bb, 1, ww); %<--freekz.m is an alternative
subplot(2,1,1);
plot(ww, abs(H))
subplot(2,1,2);
plot(ww, angle(H))
xlabel(’Normalized Radian Frequency’)

For FIR filters, the second argument offreqz( , 1, ) must always be equal to1. The frequency
vectorwwshould cover an interval of length 2π for ω̂, and its spacing must be fine enough to give a smooth
curve forH(ej ω̂). Note: we will always use capitalH for the frequency response.3

2.2 Periodicity of the Frequency Response

The frequency responses of discrete-time filters arealwaysperiodic with period equal to 2π . Explain why
this is the case by stating a definition of the frequency response and then considering two input sinusoids
whose frequencies arêω andω̂ + 2π .

x1[n] = ej ω̂n versus x2[n] = ej (ω̂ + 2π)n

Consult Chapter 6 for a mathematical proof that the outputs from each of these signals will be identical
(basically becausex1[n] is equal tox2[n].) The implication of periodicity is that a plot of H(ej ω̂) only
has to be made over the interval−π ≤ ω̂ ≤ π .

2The notationH(ej ω̂) is used in place ofH(ω̂) for the frequency response because we will eventually connect this notation
with thez-transform,H(z), in Chapter 7.

3If the output of thefreqz function is not assigned, then plots are generated automatically; however, the magnitude is given in
decibels which is a logarithmic scale. For linear magnitude plots a separate call toplot is necessary.
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2.3 Frequency Response of the Four-Point Averager

In Chapter 6 we examined filters that compute the average of input samples over an interval. These filters are
called “running average” filters or “averagers” and they have the following form for theL-point averager:

y[n] =
1

L

L−1∑
k=0

x[n − k] (6)

(a) Use Euler’s formula and complex number manipulations to show that the frequency response for the
4-point running average operator is given by:

H(ej ω̂) = H(ω̂) =
2 cos(0.5ω̂) + 2 cos(1.5ω̂)

4
e− j 1.5ω̂ (7)

(b) Implement (7) directly in MATLAB . Use a vector that includes 400 samples between−π andπ for
ω̂. Since the frequency response is a complex-valued quantity, useabs() andangle() to extract
the magnitude and phase of the frequency response for plotting. Plotting the real and imaginary parts
of H(ej ω̂) is not very informative.

(c) In this part, usefreqz.m in MATLAB to computeH(ej ω̂) numerically (from the filter coefficients)
and plot its magnitude and phase versusω̂. Write the appropriate MATLAB code to plot both the
magnitude and phase ofH(ej ω̂). Follow the example in Section 2.1.1. The filter coefficient vector for
the 4-point averager is defined via:

bb = 1/4*ones(1,4);

Note: the functionfreqz(bb,1,ww) evaluates the frequency response for all frequencies in the
vectorww. It uses the summation in (5), not the formula in (7). The filter coefficients are defined in
the assignment to vectorbb . How do your results compare with part (b)?
Note: the plots should not be identical, but you should be able to explain why they are equivalent.

2.4 TheMATLAB FIND Function

Often signal processing functions are performed in order to extract information that can be used to make
a decision. The decision process inevitably requires logical tests, which might be done withif-then
constructs in MATLAB . However, MATLAB permits vectorization of such tests, and thefind function is
one way to determine which elements of a vector meet a certain logical criterion. In the following example,
find extracts all the numbers that “round” to 3:

xx = 1.4:0.33:5, jkl = find(round(xx)==3), xx(jkl)

The argument of thefind function can be any logical expression, andfind returns a list of indices where
that logical expression is true. Seehelp on relop for information.
Now, suppose that you have a frequency response:

ww = -pi:(pi/500):pi; HH = freqz( 1/4*ones(1,4), 1, ww );

Use thefind command to determine the indices whereHHis zero, or very small. Then use those indices
to display the list of frequencies whereHHis zero. Since there might be round-off error in calculatingHH,
the logical test should be a test for those indices where the magnitude (absolute value in MATLAB ) of HH
is less than some rather small number, e.g., 1× 10−6. Compare your answer to the frequency response that
you plotted for the four-point averager in Section 2.3.
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3 Warm-up

The first objective of this warm-up is to use a MATLAB GUI to demonstrate nulling. If you are working in
the ECE lab it isNOT necessary to install the GUI; otherwise, you must download the ZIP file andinstall
it into its own directory.This demo,dltidemo , is part of theSP-First Toolbox, or it can be downloaded
from the web page:http://users.ece.gatech.edu/mcclella/matlabGUIs/index.html

3.1 LTI Frequency Response Demo

Figure 1: DLTI demo interface. The frequency label isω because MATLAB won’t displayω̂.

Thedltidemo GUI illustrates the “sinusoid-IN gives sinusoid-OUT” property of LTI systems. In this
demo, you can change the amplitude, phase and frequency of an input sinusoid,x[n], and you can change
the digital filter that processes the signal. Then the GUI will show the output signal,y[n], which is also
a sinusoid (at the same frequency). Figure 1 shows the interface for thedltidemo GUI. It is possible to
see the formula for the output signal, if you click on theTheoretical Answer button located at the
bottom-middle part of the window. The digital filter can be changed by choosing different options in the
Filter Specifications box in the lower right-hand corner.

In the Warm-up, you should perform the following steps with thedltidemo GUI:

(a) Set the input tox[n] = 1.5 cos(0.1π(n − 4))

(b) Set the digital filter to be a 9-point averager.

(c) Determine the formula for the output signal and write it in the form:y[n] = Acos(ω̂0(n − nd)).

(d) Usingnd for y[n] and the fact that the input signal had a peak atn = 4, determine the amount of delay
through the filter. In other words, how much has the peak of the cosine wave shifted?

Instructor Verification (separate page)
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(e) Now, determine the length of the averaging filter so that the output will be zero, i.e.,y[n] = 0. Use
the GUI to show that you have the correct filter to zero the output. If the filter length is more than 15,
you will have to enter the “Filter Specifications” with theuser Input option.

(f) When the output is zero, the filter acts as aNulling Filter, because it eliminates the input atω̂ = 0.1π .
Which other frequencieŝω are also nulled? Find at least one.

Instructor Verification (separate page)

3.2 Cascading Two Systems

More complicated systems are often made up from simple building blocks. In Fig. 2, two FIR filters are
shown connected “in cascade.”

- - -FIR
Filter #1

FIR
Filter #2

x[n] w[n] y[n]

Figure 2: Cascade of two FIR filters.

Assume that the system in Fig. 2 is described by the two equations

w[n] =

M∑
`=0

α`x[n − `] (FIR FILTER #1)

y[n] = w[n] + w[n − 2] (FIR FILTER #2)

(a) Usefreqz() in MATLAB to get the frequency responses for the case whereα = −1 andM = 8.
Plot the magnitude and phase of the frequency response forFilter #1, and also forFilter #2. Which
one of these filters is ahighpass filter?

(b) Filter #2 is a “nulling filter.” Determine the frequencŷω that is removed byFilter #2.

(c) Plot the magnitude and phase of the frequency response of the overall cascaded system.

(d) Explain how the individual frequency responses in part (a) are combined to get the overall frequency
response in part (b). Comment on the magnitude combinations as well as the phase combinations.

Instructor Verification (separate page)

3.3 Debugging

In the following MATLAB function,myfilt.m :
function bb = myfilt(alph,M)
% create filter coefficients, a little bit at a time
bb = 0;
for kk = 3:M

bb = [-alph*bb, alph.ˆ(M:-1:kk)];
end

show that you can use the MATLAB debugger to stopduring the second iteration of the loop and plot the
frequency response for the filter coefficients after the second iteration is complete. Suppose that the function
is called from the command line via:hh = myfilt(-0.98,8).

Instructor Verification (separate page)
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4 Lab Exercises

4.1 Nulling Filters for Interference Rejection

Nulling filters are filters that are able to completely eliminate some frequency component. The simplest
possible general nulling filter can have as few as three coefficients.4 If ω̂n is the desired nulling frequency,
then the following length-3 FIR filter

y[n] = x[n] − 2 cos(ω̂n)x[n − 1] + x[n − 2] (8)

will have a zero in its frequency response atω̂ = ±ω̂n. For example, a filter designed to completely
eliminate signals of the formAe± j 0.5πn would have the following coefficients because the input frequency
is ω̂ = ±0.5π .

b0 = 1, b1 = −2 cos(0.5π) = 0, b2 = 1.

- - -FIR
Filter #1

FIR
Filter #2

x[n] w[n] y[n]

Figure 3: Cascade of two FIR nulling filters.

(a) We can remove more than one sinusoid by connecting FIR nulling filters “in cascade” as shown in
Fig. 3. Design a filtering system that consists of the cascade of two FIR nulling filters that will
eliminate the following frequencies:̂ω = 0, andω̂ = 0.1π . For this part, derive the filter coefficients
of both nulling filters.

(b) Plot the magnitude and phase of the frequency responseH(ej ω̂) of the overall cascaded system. Notice
that the value ofH(ej ω̂) at ω̂ = π is not equal to one. However, it is possible to scale the filter
coefficients of one of the nulling filters to makeH(ej π ) = 1. For example, if Filter #1 nullŝω = 0.1π

and has coefficients{β0, β1, β2} we could scale Filter #1 to have new coefficients{
1
2β0,

1
2β1,

1
2β2},

and then the frequency response values would be half as big, i.e., the new frequency response would
be 1

2 H(ej ω̂).

Derive the scaling necessary to make the overall cascaded system have a frequency response that is
one atω̂ = π . Determine the new values for the coefficients of Filter #1. Finally, plot the frequency
response (magnitude and phase) of the cascaded system with scaling—this is the only plot you need
to turn in for this part.

(c) Generate an input signalx[n] that is the sum of two sinusoids plus a DC term:

x[n] = 80+ 100 cos(0.1πn) + 20 cos(0.4πn + 0.2π)

Make the input signal 100 samples long over the range 0≤ n ≤ 99.

(d) Usefirfilt (or conv ) to filter the signalx[n] through the filters designed in part (b). Show the
MATLAB code that you wrote to implement the cascade of two FIR filters.

(e) Make a plot of the output signal—show the first 41 points, i.e., 0≤ n ≤ 40. Then, determine (by
hand) the exact mathematical formula (magnitude, phase and frequency) for the output signal for
n ≥ 4. In a second plot, show that the MATLAB plot of the output signal matches this mathematical
formula for 4≤ n ≤ 40.

4If the “nulled” frequency isω̂ = 0 or ω̂ = π , then a two-point FIR filter is sufficient to do the nulling.
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(f) The output signal will be different for the first few points because there is a “start-up” or “transient”
region for the output. How many “start-up” points are found, and how is this number related to the
lengths of the filters designed in part (a)? Hint: consider the length of a single FIR filter that is
equivalent to the cascade of two short-length FIRs.

4.2 Removing Bands from an Image

Suppose that we have an image that contains a text message obscured by a checkerboard pattern of dark and
light bands. If the bands were produced by sinusoids, then it should be possible to remove them and see the
message, because FIR filters can be used to reject interfering signals that are sinusoidal. In this exercise the
image is the sum of three images: the text message, a horizontal band pattern and a vertical band pattern.
In this section, you will design FIR nulling filter to remove the interfering sinusoidal patterns, and also
assess/observe how much the desired image is distorted by the nulling process.

(a) Load the fileLab07s04image.mat which contains one array,cc , which is the sum of the three
images: the desired text plus the two interfering sinusoidal patterns. The image is an 8-bit image
stored inuint8 format (see Fig. 4). Display the image to verify that the interference is so strong that
the text message is not visible.

Figure 4: Text image with checkerboard sinusoidal interference.

(b) Design two FIR nulling filters to remove the sinusoidal patterns completely. This requires two steps:
(i) estimate the frequency of the interfering pattern, and (ii) find the numerical values of the filter
coefficients. Scale the filter coefficients so that both frequency responses have a magnitude of 1.0 at
ω̂ = π , i.e.,|H(ej π )| = 1.
Note: the horizontal interfering pattern was made from one sinusoid, so it should be relatively easy
to estimate thêω frequency of that pattern; likewise, the vertical pattern was created from a single
sinusoid, but with a different frequency.

(c) Plot the frequency responses of the nulling filters designed in the previous part. Decide whether these
frequency responses are lowpass, highpass, bandreject, or bandpass.

(d) Process the corrupted image,cc , through both nulling filters. Notice that one filter is applied to the
rows and the other to the columns. The MATLAB help onconv2 indicates a format where both filters
can be applied at the same time:CONV2(HCOL, HROW, A). Display the output after filtering, and
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assess how well the processing removed the sinusoidal patterns. (Don’t worry about the message yet;
just make sure that the sinusoidal patterns arecompletelyremoved.)

(e) The output may not look very good because the processed image contains positive and negative vari-
ations about an average value and that average value displays as a shade of gray making it hard to see
the text message. Plot one row of the output image to see the variations about an average value (you
may have to search for a row that intersects the text and is not constant). These variations contain the
information that we are seeking.

(f) It is possible to enhance the text message to make it easier to see by controlling the image scaling
prior to display. When you useshow_img and auto-scaling is on (the default), the image values are
re-scaled prior to display by making the smallest image value 0 and the largest 255. On the other
hand, if you useshow_img(yy,figno,0) the third argument turns off the auto-scaling. Then the
raw values ofxx are displayed with negative values being set to zero, and values above 255 set equal
to 255 (i.e., clipped).

Armed with this information, you can experiment with your own image scaling. If the processed out-
put image is calledyy , then try the image display viashow_img(aa*yy+bb,figno,0) where
aa andbb are constants that do the scaling. For example, if the imageyy has raw values between 0.8
and 2.0 it would display as a completely black image. However, you could use100*yy to scale the
values to lie between 80 and 200 which would display as a much lighter image with enough “dynamic
range” to see features in the image.

Experiment with the scaling and adjust it so that you can read parts of the text message. A number of
different font sizes have been used for the text message, so it is unlikely that you can read everything.
Summarize your work by showing two final results: (i) the best scaled image display from your
processing, and (ii) a handmade image that contains your “best guess” about the contents of the text
message. You could use MS-Word to type out and format a page of text that is your estimate of the
image in a format that matches the processed output.

Since the FIR filter has “start-up” and “ending” regions of lengthM − 1, use the’valid’ option of
conv2 to remove the edges of the image where the image values might adversely impact the scaling.5

(g) Use the frequency response (magnitude) of the nulling filters to explain how the text image was
corrupted by the processing. Your explanation will be qualitative, but should focus on whether the
low frequency or high frequency regions of the image were altered. Recall that for images, the edges
are thought to be “high frequency” while the background is “low frequency.”

4.3 Summarize with a Concept Map

For the Summary section of your lab report, draw a concept map that contains at least five concepts that
were used during this lab. Since experts use many links between concepts, try to produce a map that has a
high “link to node” ratio. Use the Concept Navigation Tool (CNT) to produce the map.

Possible concept names might be: Unit Step, Unit Impulse, Sinusoid, Phasor Addition, FIR Filter,
Frequency Response, Causality, Impulse Response, Aliasing, Nulling Filter, Lowpass Filter, Highpass Filter,
Convolution, Linearity, Time-Invariance, Running Average, First Difference, and Stem Plot. This is meant
to be suggestive of concept names, but you are not restricted to this list.

Please print out your concept map for your lab report, but alsosave it to the webby using that option in
CNT. Include an identifier that refers to Lab #7.

5The technical term for the “start-up” region is thetransient responseof the system, because the filter response passes through
this region before getting into its steady-state response where the output is a pure sinusoid, or sum of sinusoids.
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Lab #7
ECE-2025

Spring-2004
INSTRUCTOR VERIFICATION PAGE

For each verification, be prepared to explain your answer and respond to other related questions
that the lab TA’s or professors might ask. Turn this page in at the end of your lab period.

Name: Date of Lab:

Part 3.1(d) Use thedltidemo GUI to illustrate the operation of a 9-point averaging filter. Determine
the amount of delay through the filter, and write your answer in the space below.

Verified: Date/Time:

Part 3.1(f) Use thedltidemo GUI to find a digital FIR filter that will null the input signal. Determine the
filter length, and write your answer in the space below. Also determine which frequencies are nulled by the
filter.

Verified: Date/Time:

Part 3.2 Plot the frequency response of the two filters in the cascade combination, and then explain how
the magnitudes are combined and how the phases are combined to get the overall filter. Check the range of
frequencies(ω̂) used for the plot.

Verified: Date/Time:

Part 3.3 Use the debugger to stop execution and plot the frequency response:

Verified: Date/Time:
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