GEORGIA INSTITUTE OF TECHNOLOGY
SCHOOL of ELECTRICAL and COMPUTER ENGINEERING

ECE 2025 Spring 2004
Problem Set #12

Assigned: 10-April-04
Due Date: 23-April-04

This Homework can be turned at the last lecturd-dday, 23-April before Noon or earlier that week.
Final Exam will be given on 30-April at 2:50 PMOne page (§ x 11”) of handwritten notes allowed.
Reading: INSP First Chapter 81IR Filters

— Please check the “Bulletin Board” often. All official course announcements are posted there.

ALL of theSTARRED problems will have to be turned in for grading. A solution will be posted to the web.
Some problems have solutions similar to those found on the CD-ROM.

PROBLEM 12.1*:
The derivation of the Sampling Theorem involves the operations of impulse train sampling and reconstruc-

tion as shown in the following system:
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A “typical” bandlimited Fourier transform of the input is also shown above.

(a) For the input with Fourier transform depicted above, determine the Nyquist rate, i.e., the smallest
sampling ratevs = 27/ Tg SO thatx, (t) = x(t). Then plotXs(jw) for the value ofws = 27/ Ts that
is equal to 1.5 times the Nyquist rate.

(b) If ws = 27/Ts = 1507 in the above system and(jw) is as depicted above, plot the Fourier trans-
form Xs(jw) and show that aliasing occurs. There will be an infinite number of shifted copies of
X(jw), so indicate the general pattern versus

(c) For the conditions of part (b), i.els = 1/75, determine and sketch the Fourier transform of the
output, X, (jw), if the frequency response of the LTI system is

H (jo) Ts lw| <m/Ts
w) =
] 0 lw| > 7/ Ts

PROBLEM 12.2*:
Signal Processing FirsiChapter8, Probleml11, page 240.



PROBLEM 12.3*:
Signal Processing FirsiChapterB, Probleml13, page 240-241.

PROBLEM 12.4*:
Signal Processing FirsiChapte8, Probleml4, page 241.
Note: There is an error in the text for problerRs8.13 andP-8.14. The systenss should be

3
Se: y[n] = Zx[n — K] (upper limit of 3, not 2)
k=0

Copies of pages 240-241 (corrected) from the textbook are attached at the end of this document.

PROBLEM 12.5*:
Given a feedback filter defined via the recursion:

y[n] = 0.25y[n — 2] + x[n] (DIFFERENCEEQUATION)

(a) Determine the impulse resporisg], assuming the “at rest” initial condition.
(b) Determine the system functidt (z), and find the poles and zeros of the system.

(c) When the input to the system is the signa[n] = (—21)"u[n], determine the output signain],
assuming the “at rest” initial condition (i.e., the output signal is zeramfer 0).
Hint: it should be possible to solve this problem withransforms; however, the algebra is easier if
you do not factor the denominator bff(z).

(d) Make a plot of the output signg[n] from part (c) over the range5 < n < 15.

(e) Determine the region of the outpyfn] where the signal would be considered to haverigmsient
behavior; likewise, identify the region wheygn] has itssteady-statbehavior.

(f) Evaluate the frequency responséat , and comment on the amplitude of the steady-state response
signal found in part (e) versus (e!™).
Hint: for which value ofz is H (z) equal toH (el™) ?

PROBLEM 12.6:
In the following cascade of systems, all of the individual system functidng), are known.
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(a) DetermineH (2) the z-transform of the cascaded system. Simplifyz) by cancelling common fac-
tors in the numerator and denominator.

(b) Consider the impulse response of the cascaded system, i.e., the regmymgeen the input ix[n] =
3[n]. Prove that the impulse response has the fhfnj = G «" for n > 3. Find values for andG.

(c) Write one difference equatiaimat defines the overall system in terms«gfi] and y[n] only.



PROBLEM 12.7:
This type of problem has often appeared on the Final Exam.
Consider the following system for discrete-time filtering of a continuous-time signal:

.
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(a) Suppose that the discrete-time system is defined by the difference equation
y[n] = 0.8y[n — 1] + x[n] + x[n — 2],

and the sampling rate of the inputis = 200 samples/second. Determine an expressioHds(j ),
the overall effective frequency response (versus analog frequenef/the above system. Use this
result to find the outpug(t) when the input to the overall systemxig) = 2 cog100rt).

(b) Assume that the input signai(t) has a bandlimited Fourier transforX(jw) as depicted below.
For this input signal, what is themallestvalue of the sampling frequencfg such that the Fourier

transforms of the input and output satisfy the relatfdjw) = Hes(jw) X(jw)?
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(c) Assume that the discrete-time system has frequency respbfesé) defined by the following plot:
H(el®)
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Now, if ’ fs = 200 samples/s#,cmake a carefully labeled plot dfie(j w), the effective frequency
response of the overall system. Also p¥ttjw), the Fourier transform of the outputt), when the
input has Fourier transfortd (j ) as depicted in the graph of part (b).

(d) For the input in part (b) and the system in part (c), what is the smallest sampling rate such that
the input signal passes through the lowpass filter unaltered; i.e., what is the minignsuch that
Y(jo) = X(jw)?



240 CHAPTER 8 IIR FILTERS
1-z1
(@) Ha(2) = 1107721 Im{z) Im{z)
(%) o
14+0.8z71
B @ = 10071 o 6
> Ne{z} Ne{z}
(c) He(2 = 120921 o o

(d) Hi@ =1-z1+2z3-3z24

P-8.12 Determine the inversez-transform of the
following:

(a) 2
a) Xa(z2) =
1—gz1—2z2

1+2z272

b) Xu(2) =

(0) Xo@ = 1755, T1 08172
1421

(c) Xe(2) =

1-01z1-072z72

P-8.13 For each of the pole-zero plots in Fig. P-8.13,
determine which of the following systems (specified by
either anH (2) or a difference equation) matches the
pole-zero plot.

Si: y[n] = 0.9y[n — 1] + 3x[n] + 3X[n — 1]
Sy y[n] = —0.9y[n — 1] 4+ 9x[n] + 10x[n — 1]
;A-zY
1+0.9z71
Sa:  yInl = 3x[n] + x[n — 1] + 3x[n — 2]

+ X[n — 3] + 3x[n — 4]
Ss: H@=1-z1'4z?%-

831 H(Z):

734774
3
Ss: ylnl=) x[n—k]
k=0

Sz yIn] = X[n] + X[n — 1] + X[n — 2]
+ X[n — 3] + X[n — 4] + X[n — 5]
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Figure P-8.13



8-13 PROBLEMS 241

P-8.14 For each of the frequency-response plots (A— systems (specified by either dd(z) or a difference
F) in Fig. P-8.14, determine which of the following equation) matches the frequency response.
Note: The frequency axis for each plot extends over
therange-7 <o < 7.

S1: y[n] = 0.9y[n — 1] + Ix[n] + 3x[n — 1]

10r
sl Sy y[n] = —-0.9y[n — 1] 4+ 9x[n] + 10x[n — 1]
1 —1
51—z
) . f— —2
0 o S3: H@=1""55,71

0 S Sa: yInl = ix[n] + x[n — 1] + 3x[n — 2]
o o ® ‘J + X[n — 3] + ix[n — 4]
: . ; Ss: H@=1-z'4z°2-z3%34+74

3
Ss:  y[nl= Zx[n —K]
k=0
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S7: yIn] = x[n] + X[n — 1] + X[n — 2]
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- =¥ -z -2 o Z I 3 4 + x[n — 3] + X[n — 4] + X[n — 5]
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_ (D) S P-8.15 Given an IIR filter defined by the difference

> ‘ ‘ ‘ : : : : : equation

S S " yln] = 3y[n — 1] +x[n]
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(@) When the input to the system is a unit-step
sequenceu[n], determine the functional form for
the output signay/[n]. Use the inverse-transform
method. Assume that the output sigyéh] is zero

—p =¥ _z _z ¢ £ z I 4 forn < 0.
4y (b) Find the output wher[n] is a complex exponential
! that starts ah = 0O:
0 . L . x[n] = el @/AMy[n]
e T e S B
Frequency (@) (c) From (b), identify the steady-state component of
Figure P-8.14 the response, and compare its magnitude and phase

to the frequency responseat= /4.



