
PROBLEM 6.1*:
A linear time-invariant discrete-time system is described by the difference equation

y[n] = −x[n] − 2x[n − 1] − 3x[n − 2] − 4x[n − 3]

(a) Replacex[n] with δ[n] to get the impulse responseh[n] = −δ[n] − 2δ[n − 1] − 3δ[n − 2] − 4δ[n − 3]

(b) The filter coefficientsbk can be read from the difference equation:{bk} = {−1, −2, −3 − 4}

(c) Theorder of the filter(M) is derived from the largest delay term, so−4x[n − 3] ⇒ M = 3.
The lengthof the filter(L) is L = M + 1 = 4; it is also the number of filter coefficients.

(d) Here is a plot of the shifted unit-step signals[n] = −u[n − 20] which is zero up ton = 20.
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(e) The convolution table below computes the output due to the inputx[n] = u[n − 1] − u[n − 20]

n n≤0 0 1 2 3 4 5 . . . 17 18 19 20 21 22 23n>23

x[n] 0 0 1 1 1 1 1 . . . 1 1 1 0 0 0 0 0

h[n] 0 −1 −2 −3 −4

h[0]x[n] 0 0 −1 −1 −1 −1 −1 . . . −1 −1 −1 0 0 0 0 0

h[1]x[n−1] 0 0 0 −2 −2 −2 −2 . . . −2 −2 −2 −2 0 0 0 0

h[2]x[n−2] 0 0 0 0 −3 −3 −3 . . . −3 −3 −3 −3 −3 0 0 0

h[3]x[n−3] 0 0 0 0 0 −4 −4 . . . −4 −4 −4 −4 −4 −4 0 0

y[n] 0 0 −1 −3 −6 −10 −10 . . . −10 −10 −10 −9 −7 −4 0 0

Here is a plot ofy[n] over its nonzero range:
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PROBLEM 6.2*:
For each of the following systems, determine if they are (1) linear; (2) time-invariant; (3) causal.

(a) y[n] = x[n] x[n − 1] (Multiplier)

(1) Linear: No [Need a counter-example]
Consider the test signalx1[n] = u[n] for which the output is

y1[n] = u[n]u[n − 1] = u[n − 1]

Then examine a second input signalx2[n] = 2u[n] which gives the output

y2[n] = 2u[n]2u[n − 1] = 4u[n − 1]

Althoughx2[n] = 2x1[n], it is clear thaty2[n] 6= 2y1[n], so the scaling property of linearity does not hold.

(2) Time-Invariant: Yes
To prove this in general, letv[n] = x[n − nd] and then makev[n] the input to the system. The corresponding
output would bew[n] = v[n]v[n − 1] which becomesw[n] = x[n − nd]x[n − 1 − nd]. We must compare
this result to a shifted version of the output, i.e., compare toy[n − nd]. From the system definition, we get
y[n − nd] = x[n − nd]x[n − nd − 1]. Sincew[n] = y[n − nd] for any integernd, time invariance is true.

(3) Causal: Yes
Since the output is computed from the present input,x[n] and the previous input,x[n − 1], no inputs from the
future are required to computey[n].

(b) y[n] = ej x [n−3] (Complex Exponential)

(1) Linear: No [Need a counter-example]
Consider the test signalx1[n] = πδ[n] for which the output is

y1[n] = ej πδ[n−3]
= 1 + ej πδ[n − 3] = 1 − δ[n − 3]

Then examine a second input signalx2[n] = 2πδ[n] which gives the output

y2[n] = ej 2πδ[n−3]
= 1 + ej 2πδ[n − 3] = 1 + δ[n − 3]

Althoughx2[n] = 2x1[n], it is clear thaty2[n] 6= 2y1[n], so the scaling property of linearity does not hold.

(2) Time-Invariant: Yes
To prove this in general, letv[n] = x[n − nd] and then makev[n] the input to the system. The corresponding
output would bew[n] = ej v[n−3] which becomesw[n] = ej x [n−3−nd] . We must compare this result to a shifted
version of the output, i.e., compare toy[n − nd]. From the system definition, we gety[n − nd] = ej x [n−nd−3].
Sincew[n] = y[n − nd] for any integernd, time invariance is true.

(3) Causal: Yes
Since the output is computed from a previous input,x[n − 3], no future inputs are required to computey[n].

Note: there is an argument that says the system is NOT causal, if you say that causality means that the
output does not start before the input. Consider the input signalx1[n] = πδ[n] for which the output is
y1[n] = 1 − δ[n − 3]. Sincex1[n] starts atn = 0, buty1[n] is already nonzero forn < 0, it might be argued
that the system in not causal. However, this is not the preferred interpretation.



(c) y[n] = x[n2
− 1] (Time Distortion)

(1) Linear: Yes
Since the system operates on then variable, the superposition and scaling properties will be true. Thus, we
assume thaty1[n] = x1[n2

− 1] and y2[n] = x2[n2
− 1]. If we form x3[n] = αx1[n] + βx2[n], then the

corresponding output will be

y3[n] = αx1[n
2
− 1] + βx2[n

2
− 1] = αy1[n] + βy2[n]

(2) Time-Invariant: No [Need a counter-example]
Consider the test signalx1[n] = δ[n] for which the output is

y1[n] = δ[n2
− 1] = δ[n + 1] + δ[n − 1]

And compare to the shifted inputx2[n] = x1[n + 1] = δ[n + 1] where the output is

y1[n] = δ[(n2
− 1) + 1] = δ[n2] = δ[n]

Sincey2[n] 6= y1[n + 1], the system isnot time-invariant.

(3) Causal: No [Need a counter-example]
Consider the test signalx[n] = δ[n] for which the output isy[n] = δ[n + 1] + δ[n − 1]. Although the input
starts atn = 0, the output starts atn = −1.



PROBLEM 6.3*:








