
GEORGIA INSTITUTE OF TECHNOLOGY
SCHOOL of ELECTRICAL and COMPUTER ENGINEERING

ECE 2025 Fall 1999
Lab #11: Fourier Series

Date: 16–22 Nov 1999

This is the official Lab #11 description. It requires that you use the Symbolic toolbox in MATLAB, which
is available in CoC-309, but might not be available on your computer. The warm-up requires that you use
the symbolic toolbox, and then there is one step in the Lab (Section 4.1(c)) that involves an integral that can
be done by hand or with the symbolic integrator. Plan your work schedule carefully because the lab will be
easier once you complete Section 4.1(c).

The lab report for this lab will be INFORMAL: discuss your Fourier Series results from section 4. The ques-
tions are very specific. Staple the Instructor Verification sheet to the end of your lab report.

The report will due during the week of 29 Nov.–3 Dec. at the start of your lab.
=⇒ MONDAY Lab sections must turn in the report on 29-Nov.

1 Introduction & Objective

The goal of the laboratory project is to show that Fourier Series analysis is a powerful method for predict-
ing the response of a system when the input is a periodic signal. Since we will be doing Fourier Series for
continuous-time signals, the formulas are integrals. As a result we will use MATLAB’s Symbolic Toolbox
which actually relies on MAPLE to do symbolic integration and symbolic algebra.

Finally, we will use Fourier Series to analyze the same power supply problem as in Lab #10, but now we
can analyze the problem in the frequency domain.

2 Background: Fourier Series Analysis and Synthesis

Recall the analysis integral and synthesis summation for the Fourier Series expansion of a periodic signal
x(t) = x(t + T0). The Fourier synthesis equation for a periodic signal x(t) = x(t + T0) is

x(t) =
∞∑

k=−∞
ake

jkω0t, (1)

where ω0 = 2π/T0 is the fundamental frequency. To determine the Fourier series coefficients from a signal,
we must evaluate the analysis integral for every integer value of k:

ak =
1
T0

T0/2∫
−T0/2

x(t)e−jkω0tdt (2)

where T0 = 2π/ω0 is the fundamental period. If necessary, we can evaluate the analysis integral over any
period; in (2) the choice [−1

2T0,
1
2T0] was a convenient one, but integrating over the interval [0, T0] would

also give exactly the same answer.
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3 Warmup

In this project, we will use a feature of MATLAB that you may not have experienced. MATLAB has a symbolic
toolbox that is based on the symbolic algebra program called MAPLE, which you might have used in calculus.
With this toolbox we can evaluate mathematical expressions symbolically and then use MATLAB’s numerical
functions and plotting functions to evaluate formulas and display results. We will use only a rudimentary set
of the symbolic capabilities.

3.1 Symbolic Variables

You can define symbolic variables in several ways. The easiest is to simply type

syms v t A omega phi

Note that we use spaces instead of punctuation. This defines the variables v, t, A, omega, and phi
as symbolic variables. Another way is to type v=sym(’v’). Now when we use these variables they are
interpreted as symbolic variables and we can make up symbolic mathematical expressions using the operators
of MATLAB. For example the statements

syms v t A omega phi
v = A*cos(omega*t + phi)

would be used to define a “symbolic cosine wave”, which would be written in standard mathematical notation
as

v(t) = A cos(ωt + φ).

Type help whos to see how the symbolic variable is stored in the workspace; also consult help syms
to learn more

3.2 Symbolic Integrals and Derivatives

MATLAB can do integration and differentiation with the functions int() and diff(). Verify that the fol-
lowing give the expected result from Calculus:

syms t A omega phi

xt = int(A*tˆ3 + pi, t)

yt = diff(A*cos(omega*t + phi), t)

zz = int(A*cos(omega*t + phi), t, 0, 1/omega)

zsimp = simple(zz)

Notice that you have to tell these functions which variable is the “variable of interest” for taking the derivative
or doing the integral. The fourth line shows that you can also perform a definite integral by giving the limits
of integration; and the limits can be symbolic. Furthermore, the last line shows that you might want to force
MAPLE to simplify the formula.

Instructor Verification (separate page)

Idea: you might speculate on using int() to do an integral that would arise in convolution such as:

t∫
0

e−(t−τ)dτ
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3.3 Substituting Values

We generally want to substitute values for some of the symbolic variables, so that we can evaluate the func-
tions that they represent. For example, we could obtain a symbolic cosine wave with amplitude A=100,
omega=120*pi, and phi=0 by using the subs( ) function:

v1 = subs(v, {A,omega,phi}, {100,120*pi,0})

which produces the new symbolic cosine wave v1=100*cos(120*pi*t). Consult help subs.
We can evaluate v1 which is a symbolic function of t for 101 values covering one period, and then

convert the values to MATLAB’s double precision floating-point form using the statements:

tn = (0:0.01:1)/60;
v1n = double( subs(v1,t,tn) ); %-- convert to numeric
plot(tn, v1n)

Type help double to learn more about converting to the numerical format called double-precision.
Although we have use the plot( ) function to plot these numeric values, there is another way that

works much nicer for symbolic functions. This is ezplot( ) which figures out the grid to use and frees
the user from specifying the vectors tn and v1n above. Consult help ezplot to learn more.

ezplot(v1, [0,1/60])

3.4 Symbolic Function for Fourier Synthesis

In this project we are going to use the symbolic features of MATLAB to determine Fourier series represen-
tations for periodic waveforms, synthesize the signals, and then plot them. In general, the limits on the sum
in Eq. (1) are infinite, but for our computational purposes, we must restrict them to be a finite number N
obtaining the 2N + 1 term approximation

xN (t) =
N∑

k=−N

ake
jkω0t. (3)

To illustrate how we can use symbolic math in MATLAB, consider the following function for evaluating (3):

function xt = fouriersynth( ak, N, T0 )
%FOURIERSYNTH synthesize Fourier Series formula SYMBOLICALLY
%
% usage: xt = fouriersynth( ak, N, T0 )
%
% ak = (symbolic) formula for the Fourier Series coefficients
% N = (numeric) use the Fourier coeffs from -N to +N
% T0 = (numeric) Period in secs
% xt = (symbolic) signal synthesized
%
% example:
% syms ck k xt
% ck = sin(k)/k
% xt = fouriersynth( ck, 4, pi );

syms t k wwk
kk = -N:N;
try

3



ak_num = subs( ak, k, kk+((kk==0)+sign(kk))*1e-9 )
catch

error(’FOURIERSYNTH: ak must use k as its variable’)
end
wwk = exp(j*(2*pi*kk’/T0)*t);
xt = simple( ak_num*wwk ); %-- inner product

This function takes in one symbolicvariable and two numeric variables: ak is a symbolic expression for
the Fourier coefficients ak as a function of k; N controls the number of Fourier coefficients to use in the
synthesis, and T0 specifies the numeric value of the period for the synthesized signal.

(a) You can downloadfouriersynth.m for later use, or you can type it into a file with that name. Study
this program and explain what the last two lines do. Explain what is contained in the vector ak num.
Explain how this program creates a symbolic variable that is the same as the Fourier Synthesis sum-
mation formula (3).

(b) Here is an example of how we would use this function to synthesize a periodic function whose Fourier
coefficients are given by ak = sin(k)/k and whose period is 2.

syms wt t ak k
N = 10; To = 2;
ak = sin(k)/k;
wt = fouriersynth(ak, N, To);
ezplot(wt, [-To,To]); grid on
axis tight %---make ezplot show the whole thing

Type in these instructions and observe the plot. Try increasing N and running the program again. What
happens as you increase N? What signal would result when N → ∞? What is the DC value of the
signal? From the plot? From the ak formula?

Instructor Verification (separate page)

3.5 Symbolic Integration and Fourier Analysis

Using MAPLE, MATLAB can evaluate Fourier Series analysis integrals such as (2). Here is an example:

syms t xt XNt ak wwk k omega
T0 = 6;
xt = sin(2*pi*t/T0);
wwk = exp(-j*(2*pi*k/T0)*t)
ak = (1/T0)*int( xt*wwk, t, 0, T0/2)
ak = simple( ak )
N = 9;
xNt = fouriersynth( ak, N, T0);
ezplot(xNt, [-T0/2,2*T0]); grid on

Note that we first obtain a symbolic expression ak for the coefficients by doing an integral followed by a
simplification. Then we synthesize the signal.

Type in this program and run it. Give an equation valid over one period for the exact signal that is Fourier
analyzed by the above integration. What is the fundamental period and the fundamental frequency? The
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semicolon ; is omitted from the expression for ak above, so the general expression for the Fourier coeffi-
cients will be typed out. Write the mathematical formula that is the general expression for ak in this case.
Try larger or smaller values of N to see the convergence of the approximate synthesis.

Instructor Verification (separate page)

4 Analysis of a Power Supply Circuit

In this lab exercise, you will analyze the same power supply circuit as in Lab #10, but the analysis will be done
in the frequency domain. The strategy consists of finding the Fourier Series for the input x(t); multiplying
by the frequency response of the lowpass filter; and then evaluating the size of the Fourier coefficients for
the output signal. Figure 1 depicts the DC-to-AC voltage converter which consists of a diode bridge that
implements a full-wave rectifier, followed by an RC circuit that provides lowpass filtering. The full-wave

v(t)
+

-

R

Cx(t)
y(t)

+

-

+

-
2200
ohms

Diode
Bridge

Rectifier

Figure 1: Power Supply circuit: AC to DC voltage converter

rectifier is defined by the equation
x(t) = |v(t)| (4)

where v(t) is the input and x(t) is the output of the diode bridge rectifier. The output of the rectifier, x(t),
is the input to the RC circuit and y(t) is the output of that circuit. Once you have learned circuits, it would
be easy to write the differential equation that describes the R-C circuit in Fig. 1. The following differential
equation gives the relationship between the input and output voltages of the circuit:

d

dt
y(t) +

(
2200 + R

2200RC

)
y(t) =

1
RC

x(t) (5)

In a real power supply, the signal v(t) would be the 60-Hz powerline voltage, which would be represented
mathematically as v(t) = 120

√
2 cos(120πt). The units of v(t) are volts.

The block diagram shown in Fig. 2 represents the operations performed by the different parts of the cir-
cuit. The input-output equation for the full-wave rectifier is defined by x(t) = |v(t)|. The purpose of the
rectifier is to generate a periodic signal with a non-zero DC component. The purpose of the lowpass filter is

✲
Full-Wave
Rectifier

| · |

Lowpass
LTI Filter
H(jω)

✲✲
v(t) x(t) y(t)

Figure 2: Block diagram representation of power supply.

to remove most of the high frequencies in the output of the rectifier, leaving the DC component.
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4.1 Fourier Analysis of the Full-Wave Rectifier Output

Assume that the input is a power line voltage v(t) = 120
√

2 cos(120πt).

(a) It is not too hard to verify that the true impulse response of the R-C circuit is

h(t) =
1

RC
e−αtu(t)

where α = (2200 + R)/2200RC. You don’t have to include this verification in a lab report, but it
involves taking the first derivative and adding together the two terms on the left-hand side of the dif-
ferential equation (5). Remember that the derivative of the unit-step signal, u(t), is the unit impulse
signal, δ(t).

Therefore, we can “take the Fourier transform” of h(t) and get the frequency response of the lowpass
filter in the following form:

H(jω) =
β

jω + α

Notice that the values of α and β can be written in terms of R and C; you will need this later on when
evaluating the frequency response H(jω).1

Write a function that plots of the magnitude and phase of H(jω) over the range −2π(400) ≤ ω ≤
2π(400). Write this code from scratch; don’t use a MATLAB built-in function.2 Test your function by
making the plots for some typical values of R and C (e.g., use values from Lab #10).

(b) Symbolic Toolbox: Make symbolic MATLAB expressions for the functions v(t) and x(t). The output
of the full-wave rectifier is a periodic signal such that x(t) = x(t + T0). Determine the fundamental
period T0 of the rectified signal x(t). Use subplot( ) and ezplot( ) to make a plot showing
both v(t) and x(t) over the range 0 ≤ t ≤ 3T0.

(c) Symbolic Toolbox: Since x(t) is a periodic signal, it has a Fourier Series. Write the MATLAB code
to evaluate the symbolic Fourier coefficients of x(t). Make the limits on the Fourier analysis integral
−1

2T0 to 1
2T0, because this gives the simplest form for the answer.

If you write down this expression as a mathematical formula, you can do the rest of the lab without the
symbolic toolbox. Or, if you don’t have the symbolic toolbox at your disposal, then you will have to
derive this mathematical formula by hand—just break the cosine into two complex exponentials and
grind out the integrals.

(d) Since x(t) is periodic, it can be represented approximately by a truncated Fourier series of the form
(3) where the Fourier coefficients are given by (2) and the fundamental frequency is ω0 = 2π/T0.

Use your formula for the Fourier coefficients ak for k = 0,±1,±2, . . . ,±N to synthesize an approxi-
mation to x(t); use N =10 and call the resulting signal x10(t). This can be done in two different ways:
(1) evaluate the numeric values of the Fourier coefficients and use your function vsinus() from an
earlier lab, or (2) use the function fouriersynth() if you have the symbolic toolbox.

Make a plot over the range 0 ≤ t ≤ 3T0 that compares the exact x(t) to the approximate one, x10(t).
At which times is x10(t) most different from the exact x(t)?

1Alternate approach: We can “take the Fourier transform” of the differential equation; the derivative term becomes a multipli-
cation by jω in the frequency domain. and H(jω) is found by dividing Y (jω)/X(jω).

2You cannot use freqz() because this is not a digital filter.
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4.2 Find the Output Signal

The Fourier coefficients of the output signal are bk = akH(jkω0) because the theory of the frequency re-
sponse tells us how to determine the exact output of the lowpass filter by tracking each sinusoidal component
through the filter: Using our 2N+1 term approximation for the input, the approximate output is

yN (t) =
N∑

k=−N

bke
jkω0t =

N∑
k=−N

akH(jkω0)ejkω0t (6)

where the ak are the Fourier coefficients of x(t).

(a) Frequency Domain: Make a three-panel plot showing the spectrum of xN (t) in the top for N = 3;
the magnitude of H(jω) in the middle (use a frequency range that lines up with the top plot); and the
spectrum of yN (t) in the bottom plot (for N = 3 also). To do this, you must have specific values for
R and C to determine α and β in the formula for H(jω), so let R = 33, 000 ohms and C = 5× 10−6

farads in this part and the next.

(b) Time Domain: Next, you should make a plot of the output signal in the time domain for N = 10, i.e.,
plot y10(t) versus t over the range 0 ≤ t ≤ 11T0.

If you don’t have the symbolic toolbox, then you must evaluate the bk Fourier coefficients numerically
and use vsinus to create yN (t). In this approach, the Fourier coefficients ak must be evaluated nu-
merically, and the frequency response H(jω) must be evaluated at the appropriate frequencies. If HH
is a vector of frequency response values and akvals is a vector of Fourier coefficients for the input,
then the product would be the Fourier coefficients of the output.

If you have the symbolic toolbox, then to evaluate the output signal in (6), you need to create a symbolic
expression for the frequency response H(jω) which can be written in terms of symbolic variables for
R and C. Then substitute into this symbolic expression for H(jω) an evaluation at the correct frequen-
cies to create another symbolic function that is a function of k. And, finally, multiply by the symbolic
expression for the input Fourier coefficients ak. Then you will have a symbolic expression for bk, and
you can use fouriersynth() to synthesize the output y10(t).

In either case, plot y10(t) versus t over the range 0 ≤ t ≤ 11T0.

(c) Use hold on to overlay the plot of the same case from Lab #10, Section 4.2(c); plot the same time
range 0 ≤ t ≤ 11T0. Discuss how your plot in part (b) differs from the plot of the simulated output
done in Lab #10. In particular, explain why you do not see the transient response in the plot of y10(t).
Compare the steady-state responses and comment.

4.3 Design the Power Supply in the Frequency Domain: Reconsider the Solution to Lab #10

In lab #10 the solution for the power supply circuit was simulated in the time-domain by approximating the
differential equation using finite-difference methods. Also, you measured the DC component of the output
voltage and the ripple for two different cases.

(a) Refer to your Fourier Series formula above, and determine the DC value of the input x(t). It is rec-
ommended that you mark the DC value of x(t) on the plot(s) of x(t) made previously.

(b) Use your knowledge of the input Fourier series and H(jω) to write a mathematical formula for the
DC component of the output. Hint: Use the frequency response H(jω) to find the DC gain of the
first-order RC filter in terms of R and C. Also, when you finally get the correct answer for the output
DC term, it should not depend on C.
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(c) The ripple in the steady-state output is due to all the non-DC terms in the Fourier Series, but it is mostly
due to the terms for k = ±1.

y(t) = b0 +
∞∑

k=1

(
bke

jkω0t + b−ke
−jkω0t

)

Therefore, the output can be well approximated by considering the signal y1(t) that contains only one
sinusoidal term plus DC. You might try to derive the mathematical formula for y1(t) in (6), but you
only need the mathematical formula (in terms of R and C) for the magnitude of the first sinusoidal term
in y1(t). In the process of doing this derivation you will have to determine the period of the ripple, so
give the value of the period in secs.

(d) Now we can complete a general design of the power supply for any specification on the output voltage
and ripple. Suppose that we require that the DC component of the output be Vout = 3.3 volts with a
ripple of ±Vr = ±0.15 volts, i.e., peak-to-peak ripple of 0.3 volts. This is the same specifications as in
the last question of Lab #10 (Section 4.3(c)), so you already know the answer (albeit approximately).
The disadvantage of Lab #10 is that the answer was obtained by “trial and error.”

Now we will solve two non-linear equations in two unknowns to get formulas for R and C so that the
DC component of the output is exactly Vout volts, and the oscillating component of y1(t) satisfies the
ripple specification, ±Vr. Use your result from part (c) to set up the two equations: one for DC and the
other for k = 1. Show that you can solve the DC equation for R in terms of the desired Vout. Then plug
that result into the second equation and rearrange to get a formula for C in terms of the ripple ±Vr, as
well as R and Vout. This second equation involves the magnitude of a complex quantity, H(jω), so
the algebra can be messy.

(e) Verify your formulas in part (c) by calculating the exact values of R and C needed to get Vout = 3.3
volts with a ripple of ±Vr = ±0.15 volts to see that you get nearly the same answer that you obtained
in Lab #10; the output voltage should ripple between 3.15 and 3.45 volts. Make a plot of the output
signal to confirm that your design is correct.
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Lab #11
ECE-2025 Fall-1999

Instructor Verification

Name: Date of Lab:

Part 3.2 Do the simple symbolic integration and differentiation examples.

Verified: Date/Time:

Part 3.4 Illustrate Fourier synthesis with ak following a “sinc” formula. Make some plots with the MATLAB

function fouriersynth().

Verified: Date/Time:

Part 3.5 Determine the Fourier analysis integral for a half-wave rectified sine. Write out the mathematical
formula below. Also give the numerical value of the period. Have your TA check the formula.

Verified: Date/Time:

9


